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Abstract 

This research affords the reader concept to properly model a basic queuing system using the 

multiple-node system in which a customer requires service at more than one node, which may 

be viewed as a network of nodes, and each node is a service center having storage room for 

queues to form and perhaps with multiple servers to handle customer requests. Normalization 

constant was computed through convolution algorithm and recursive process on Auxiliary 

function 𝑔𝑚(𝑛)in closed queuing network where a fixed number of customers cycles among 

the service centers, never to depart.  This is used to obtain one dimensional array prior to the 

computation of 𝑔𝑚(𝑛) taken load dependent nodes and load - independent nodes into 

consideration. A recursive formula is derived for all functions. An illustrative example is 

considered for given service rate 𝜇𝑖,    𝑖 = 1, 2, 3, 4  on four nodes, such that  𝜇1 = 1.0, 𝜇2 =
0.5,   𝜇3 = 1.0 and   𝜇4 = 2.0 respectively,  and the following results are obtained: The 

equilibrium distribution 𝑓𝑖(𝑛𝑖), 𝑖 = 1, 2, 3, 4 and 𝑛𝑖 = 0, 1, 2, 3, for load dependent node 1 

customers is obtained as (1, 1, 0.5, 0.25).  Also, for load-independent nodes 2, 3, 4 as 

(1, 1, 1),  (1, 0.3, 0.1),  (1, 0.09, 0.01),   (1, 0.027, 0.001) respectively; Auxiliary function 

𝑔𝑖(𝑛), 𝑖 = 0,⋯ ,4,  𝑛 = 0, 1,2,3  is found for load dependent nodes𝑖 = 1 as (1, 1, 0.5,   0.2), 

and for load- independent node  𝑖 = 2, 3, 4 as  (1, 2, 2.5,   2.75),   (1, 2.3, 3.19,   3.707)  and  
(1, 2.4, 3.43,   4.05)  respectively. Also, the probability of having all three customers at the 

central server is obtained as 0.0617. 

Keywords: Auxiliary Function, Buzen’s algorithm, Convolution Algorithm, Normalization 

Constant, Throughput and Visit Ratio. 

Introduction 

Queues form an indispensible part of our everyday activities (Wayne, 1991). Queuing theory 

is a branch of mathematics that studies and models the act of waiting in lines (Brockmeyer et 

al., 1948). Queuing occur whenever there is competition for limited resources (Wayne, 

1991). This article took a brief look into the formulation of queuing theory along with 

examples of models and applications of their use. The goal of the research is to provide the 

reader with concept to properly model a basic queuing system into one of the categories we 

looked at, which is the multiple-node system in which a customer requires service at more 

than one node, which may be viewed as a network of nodes, and each node is a service centre 

having storage room for queues to form and perhaps with multiple servers to handle customer 

requests. Also, this will enable the reader to begin to understand the basic ideas of how to 

determine useful information such as average waiting times from a particular queuing system. 
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Our quest is to compute the normalization constant through convolution algorithm and 

recursive process on auxiliary function 𝑔𝑚(𝑛) in closed queuing network where a fixed 

number of customers cycles among the service centres and never to depart.  This is used to 

obtain one dimensional array prior to the computation of 𝑔𝑚(𝑛) taken load dependent nodes 

and load - independent nodes into consideration. 

A single - node queuing systems is the type of queuing in which each customer arrives at a 

service center, receives a single service operation from this center, and then departs and never 

to return.  A “multiple-node” system is one in which a customer requires service at more than 

one node. Such a system may be viewed as a network of nodes, in which each node is a 

service center having storage room for queues to form and perhaps with multiple servers to 

handle customer requests (Bacel and Muhammed, 2018). 

The study of closed queuing system with exponential servers was first introduced by Gordon 

and Newell (1967), and this was extended to computational algorithms for closed queuing 

networks with exponential servers (Buzen, 1973). Chang and Lavenberg (1974) introduced 

the work rate in closed queuing networks with general independent servers, while the Baskett 

et al.  (1975) discussed open, closed and mixed networks with different classes of customers.  

The application of queue model to computer system with general service time distribution 

was shown by Schumi (1976). The arrival theorem was proved independently by (Lavenberg 

1980; Sevcik 1981) to arrive at useful mean values equations for closed queuing network. 

Knuth (1998) studied the art of computer programming in queuing network while Haverkort 

(1998) analysed the performance of computer communication systems. Law and Kelton 

(2000) presented the simulation modeling analysis of solving a queue networks while Rose 

(2003) extended the simulation to solved queue networks and this was investigated and built 

upon by Stewart (2009) into Probability, Markov Chain, Queues and queuing networks, while 

Agboola (2016) extended the application of queuing network to solved machine repair 

problems with multiple servers. Quan-lin (2017) discussed new invention in queuing models, 

application and network, while Ronald (2018) applied queuing network model to the analysis 

of manufacturing systems and Barcel (2018) derived an exact solution for the steady state 

system size probabilities. 

Nomenclature 

𝑛𝑖 Number of customers at node 𝑖 

𝑁  Total customer population 

𝑀 Number of nodes 

𝜇𝑖 The mean service rate at node 𝑖 

𝑝𝑖𝑗  The fraction of departures from node 𝑖 that go next to node 𝑗 

𝜆𝑖 The overall arrival rate to node i 

𝐺(𝑁) Normalization constant 

𝑆(𝑁,𝑀)  The set of all possible states 

𝑉𝑖  Visit ratio at node 𝑖 

𝑋𝑖(𝑁)The throughput of node i in a closed network with 𝑁 customers 

𝑔𝑖(𝑛)   Auxiliary functionof node i in a closed network with 𝑛 customers 

𝑝𝑖(𝑛, 𝑁)  Marginal queue length distribution 

𝑓𝑖(𝑛𝑖)   Equilibrium distribution for load dependent node 𝑖 of number customers 𝑛𝑖 

𝑌𝑖
𝑛𝑖   Equilibrium distribution for load independent node 𝑖 of number customers 𝑛𝑖 
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Methodology 

When we visualize a system of queues and servers, we typically think of customers who 

arrive from the exterior, spend some time moving among the various service centers and 

eventually depart altogether. However, in a closed queuing network, a fixed number of 

customers forever cycles among the service centers, never to depart. Although this may seem 

rather strange, it does have important applications. For example, it has been used in 

modelling a multiprogramming computer system into which only a fixed number of processes 

can be handled at any one time. If the processes are identical from a stochastic point of view, 

then the departure of one is immediately countered by the arrival of a new, stochastically 

identical, process. This new arrival is modelled by routing the exiting process to the entry 

point of the new process. Similar situations in other contexts are readily envisaged. Closed 

Jackson queuing networks are more frequently called Gordon and Newell networks, after the 

names of the pioneers of closed queuing networks. 

Analysis of Mean Values in Closed Queuing Networks 

Consider a closed single-class queuing network consisting of 𝑀 nodes. Let 𝑛𝑖 be the number 

of customers at node 𝑖. Then the total customer population is given by 

𝑁 = 𝑛1 + 𝑛2 + ⋯+ 𝑛𝑀        (1) 

A state of the network is defined as follows: 

𝑛 = (𝑛1, 𝑛2, ⋯ , 𝑛𝑀), 𝑛𝑖 ≥ 0,∑ 𝑛𝑖 = 𝑁𝑀
𝑖=1 . 

The total number of states is given by the binomial coefficient  

(
𝑛 + 𝑀 − 1

𝑀 − 1
). 

This is the number of ways in which 𝑁 customers can be placed among the 𝑀 nodes. The 

queuing discipline at each node is first come first served (FCFS) and the service time 

distributions are exponential. Let 𝜇𝑖 be the mean service rate at node 𝑖. When the service rate 

is load dependent, we shall denote the service rate by 𝜇𝑖(𝑘). 

Let 𝑝𝑖𝑗, be the fraction of departures from node 𝑖 that moves next to node 𝑗 and let 𝜆𝑖be the 

overall arrival rate to node i. Since the rate of departure is equal to the rate of arrival, when 

the network is in steady state, we have 

𝜆𝑖 = ∑ 𝜆𝑗𝑃𝑗𝑖,
𝑀
𝑗=1   𝑖 = 1, 2,⋯ ,𝑀         (2) 

𝜆 = 𝜆𝑃   or(𝑃𝑇 − 1)𝜆𝑇 = 0        (3) 

The linear equations defined by (3) are called the traffic equations. This system of equations 

does not have a unique solution. Observe that P is a stochastic matrix and this can be solved 

numerically: the 𝜆𝑖can be computed only to a multiplicative constant. We now introduce𝑉𝑖, 

thevisit ratio at node 𝑖. This gives the mean number of visits to node 𝑖 relative to a specified 

node, which in our case will always be node 1. Thus 𝑉1 = 1and 𝑉𝑖 is the mean number of 

visits to node 𝑖 between two consecutive visits to node 1. Notice that 𝑉𝑖 may be greater (or 

smaller) than 1. If 𝑋𝑖(𝑁) is the throughput of node i in a closed network with 𝑁 customers, 

then we must have𝑉𝑖 =
𝑋𝑖(𝑁)

𝑋1(𝑁)
. At steady state, the rate of arrival to a node is equal to the rate 

of departure (throughput) so that we may write𝑉𝑖 =
𝜆𝑖

𝜆1
 which means that the 𝑉𝑖uniquely 

satisfy the system of equations 

𝑉1 = 1   and     𝑉𝑖 = ∑ 𝑉𝑗𝑃𝑗𝑖,
𝑀
𝑗=1   𝑖 = 1, 2,⋯ ,𝑀 
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𝑃(𝑛) = 𝑝(𝑛1, 𝑛2, ⋯ , 𝑛𝑀) =
1

𝐺(𝑁)
∏ 𝑓𝑖(𝑛𝑖)

𝑀
𝑖=1       (4) 

Where 

𝑓𝑖(𝑛𝑖) =  
𝑉𝑖

𝑛𝑖

∏ 𝜇𝑖(𝑘)
𝑛𝑖
𝑘=1

if node 𝑖  is load dependent     (5) 

𝑓𝑖(𝑛𝑖) =  (
𝑉𝑖

𝜇𝑖
)
𝑛𝑖

= 𝑌𝑖
𝑛𝑖   if  node 𝑖  is load - independent     (6) 

The constant 𝐺(𝑁) is called the normalization constant. It ensures that the sum of the 

probabilities is equal to one. It is apparent from Equation (4) that once 𝐺(𝑁) is known the 

stationary distribution of any state can readily be computed using only 𝐺(𝑁) and easily 

computable network parameters. To characterize the normalization constant we proceed as 

follows:  

Let the set of all possible states be denoted by 𝑆(𝑁,𝑀). Then 

𝑆(𝑁,𝑀) = {(𝑛1, 𝑛2, ⋯ , 𝑛𝑀)∑𝑛𝑖 = 𝑁

𝑀

𝑖=1

, 𝑛𝑖 > 0, 𝑖 = 1, 2,⋯ ,𝑀} 

And 

1 = ∑ 𝑃(𝑛) =
1

𝐺(𝑁)
∑ ∏𝑓𝑖(𝑛𝑖)

𝑀

𝑖=1𝑆(𝑁,𝑀)𝑆(𝑁,𝑀)

 

Which imply that 

𝐺(𝑁) = ∑ [∏𝑓𝑖(𝑛𝑖)

𝑀

𝑖=1

]

𝑆(𝑁,𝑀)

 

Where  𝐺(𝑁) is written as a function of 𝑁 only and also a function of  𝑀,  𝑝𝑖𝑗,𝑉𝑖  and so on. 

Computation of Normalization Constant 

Let the auxiliary function be defined as 

𝑔𝑀(𝑛) = ∑ ∏𝑓𝑖(𝑛𝑖)

𝑀

𝑖=1𝑆(𝑁,𝑀)

 

Such that 

𝐺(𝑁) = 𝑔𝑀(𝑁) 

Also, 

𝑔𝑚(𝑛) = 𝐺(𝑛), 𝑛 = 0, 1, 2,⋯ , 𝑁 
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𝑔𝑚(𝑛) = ∑ ∏𝑓𝑖(𝑛𝑖) = ∑

[
 
 
 
 

∑ ∏𝑓𝑖(𝑛𝑖)

𝑀

𝑖=1𝑆(𝑛,𝑚)
𝑛𝑚=𝑘 ]

 
 
 
 𝑛

𝑘=0

𝑀

𝑖=1𝑆(𝑛,𝑚)

 

𝑔𝑚(𝑛) = ∑ 𝑓𝑚(𝑘) [ ∑ ∏𝑓𝑖(𝑛𝑖)

𝑀

𝑖=1𝑆(𝑛−𝑘,𝑚−1)

]

𝑛

𝑘=0

 

This gives a recursive formula 

𝑔𝑚(𝑛) = ∑ 𝑓𝑚(𝑘)𝑛
𝑘=0 𝑔𝑚−1(𝑛 − 𝑘)      (7) 

Some simplifications are possible when node i is load independent. In this case, and using 

𝑓𝑚(𝑘) = 𝑌𝑚
𝐾 = 𝑌𝑚𝑓𝑚(𝑘 − 1) 

We find  

𝑔𝑚(𝑛) = ∑ 𝑌𝑚
𝐾

𝑛

𝑘=0

𝑔𝑚−1(𝑛 − 𝑘) =  𝑌𝑚
0𝑔𝑚−1(𝑛) + ∑𝑌𝑚𝑓𝑚(𝑘 − 1)

𝑛

𝑖=1

𝑔𝑚−1(𝑛 − 𝑘) 

= 𝑔𝑚−1(𝑛) + 𝑌𝑚 ∑ 𝑓𝑚(𝐼)𝑔𝑚−1(𝑛 − 1 − 𝐼)

𝑛−1

𝑖=0

 

Which gives the result 

𝑔𝑚(𝑛) = 𝑔𝑚−1(𝑛) + 𝑌𝑚𝑔𝑚(𝑛 − 1)       (8) 

While the initial recursive condition is 

𝑔1(𝑛) = ∑ ∏ 𝑓𝑖(𝑛𝑖)
𝑀
𝑖=1𝑆(𝑛,1) = ∑ 𝑓1(𝑛),   𝑛 = 0, 1, 2,⋯ ,𝑁|(𝑛)|    (9) 

And  

𝑔𝑚(0) = 1,     𝑚 = 0, 1, 2,⋯ ,𝑀 

This later is obtained from 

𝑔𝑚(0) = ∑ 𝑓1(𝑛1),   𝑓2(𝑛2),   ⋯ , 𝑓𝑚(𝑛𝑚)

𝑆(0,𝑚)

 

Which for  𝑛 = (0, 0, 0, ⋯ , 0) is just 

𝑔𝑚(0) =  𝑓1(0)𝑓2(0)⋯ 𝑓𝑚(0) 

In the load independent case, this becomes 

𝑔𝑚(0) = 𝑌1
0𝑌2

0 ⋯  𝑌𝑚
0 = 1 

Equations (7) and (8) are then used in computing the normalization constant. 
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The Convolution Algorithm: Implementation Details 

For  𝑚 = 1, 2,⋯ ,𝑀 

𝑔𝑚(𝑛) = 𝑔𝑚−1(𝑛) + 𝑌𝑚𝑔𝑚(𝑛 − 1),   𝑛 = 1, 2,⋯ ,𝑁 

𝑔𝑚(𝑛) = ∑ 𝑓𝑚(𝑘)

𝑛

𝑘=0

𝑔𝑚−1(𝑛 − 𝑘) 

The recursion proceeds along two directions, 𝑛 and 𝑚, with 𝑛 assuming values from 0 

through 𝑁 and m assuming value from 1 through 𝑀. The first of these corresponds to 

increasing numbers of customers in the network, and the second to a progression through the 

nodes of the network. All the values of  𝑔𝑚(𝑛)  may be visualized as the elements in a two-

dimensional table having N +1 rows and M columns 

TABLE 1:Tabular Layout for Computation of Normalization 

      N F (N)      G(n) 

 1 2 …. m - 1 m …. M 

      0 1 1 ⋯ 1 1 ⋯ 1 

      1 𝑓1(1)       

      2 𝑓1(2)       

⋮ ⋮    𝑔𝑚(𝑛 − 1)   

       n 𝑓1(𝑛)   𝑔𝑚−1(𝑛) 𝑔𝑚(𝑛)   

⋮ ⋮      𝐺(𝑛 − 1) 

The elements may be filled in one after the other, column by column until the table is 

completed and the required element, 𝐺𝑀(𝑁), is the final value in the last column. The first 

row and column are obtained from initial conditions: the first row contains all ones (since 

𝑔𝑚(0) = 1,𝑚 =  1,2, . . . , 𝑀) and the first column is obtained as 𝑔1(𝑛) = 𝑓1(𝑛), 𝑛 =
 0,1, . . . , 𝑁. The implementation proceeds by considering the nodes of the network one after 

the other. The actual order in which they are taken is not an immediate concern. As 𝑚 takes 

on values from 1 through 𝑀, in other words, as we proceed through all the nodes in the 

network, we use one or the other of the Equations (7) and (8), depending on whether the 

current value of 𝑚 corresponds to a load independent or a load dependent node.  

A small disadvantage of this visualization offered by Table 1 is that it may lead one to think 

that a two-dimensional array is required to implement Buzen’s algorithm. This is not the case. 

As we now show, a single column, a vector of length 𝑁 + 1, suffices. Since each of these 

equations involves 𝑔𝑚−1  as well as 𝑔𝑚, it is apparent that at least some of the values 

computed for each preceding node will be needed in the evaluation of the 𝑔 values for the 

current node. Let us first consider the case when node m is a load-independent node. We 

assume that we have already processed nodes 1 through 𝑚 −  1 and in particular, we have all 

the values 𝑔𝑚−1 (𝑛) for 𝑛 =  0,1, . . . , 𝑁 and that these values are in consecutive locations in a 

one-dimensional array. Equation (7) is the appropriate equation in the load-independent case: 

𝑔𝑚 (𝑛) = 𝑔𝑚−1 (𝑛) + 𝑌𝑚𝑔𝑚−1 (𝑛), 𝑛 =  0,1,2, . . . , 𝑁. The first element is the same for all 

values of 𝑚: from the initial conditions we have, for all m, 𝑔𝑚 (0) = 1. As successive 

elements are computed, i.e., as the value of n in 𝑔𝑚 (𝑛) increases from 0 to 1 to 2 and so on, 

the newly computed value of 𝑔𝑚 (𝑛) overwrites the previous value of 𝑔𝑚−1 (𝑛) in the array. 

This is illustrated graphically in Table 2. The figure shows the situation immediately before 
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and immediately after the element 𝑔𝑚 (𝑛) is computed from Equation (7). In this figure, the 

current contents of the array are contained within the bold lines. Overwritten values of 

𝑔𝑚−1 (𝑛)are 

TABLE 2: Array Status for Load Independent Nodes: One Dimensional  

                          Array Prior to the Computation of  𝑔𝑚 (𝑛) 

 

TABLE 3: Array Status for Load Independent Nodes: One Dimensional Array   

               After the Computation of  𝑔𝑚 (𝑛) 

 

To consider the case when node m is a load-dependent node, and as before, we assume that 

all nodes prior to node m, whether load dependent or load independent, have already been 

handled. This time, Equation (8) is the appropriate equation to use: 

𝑔𝑚(𝑛) = ∑ 𝑓𝑚(𝑘)

𝑛

𝑘=0

𝑔𝑚−1(𝑛 − 𝑘), 𝑛 = 0, 1, 2,⋯ ,𝑁 

Observe that, whereas in the load-independent case, we require only a single value from the 

previous node, 𝑔𝑚−1(𝑛), this time we need (𝑛 +  1) values, namely,𝑔𝑚−1(𝑗)   for 𝑗 =  𝑛,
𝑛 −  1, . . . , 0. It is instructive  

to write Equation (8) as shown below. Notice that we begin with𝑔𝑚(1), since we know that 

𝑔𝑚(0) = 1  for all 𝑚: 

Previous value of 𝑔𝑚−1 (𝑗) now 

overwritten with the new value of 

𝑔𝑚 (𝑗),  𝑗 = 0, 1, 2,⋯ , 𝑛 − 1 

𝑔𝑚−1 (0) 𝑔𝑚 (0) 

𝑔𝑚−1 (1) 𝑔𝑚 (1) 

𝑔𝑚−1 (2) 𝑔𝑚 (2) 

⋮ ⋮ 

𝑔𝑚−1 (𝑛 − 2) 𝑔𝑚(𝑛 − 2) 

𝑔𝑚−1 (𝑛 − 1) 𝑔𝑚(𝑛 − 1) 

Next element to be overwritten 𝑔𝑚−1 (𝑛) 𝑔𝑚 (𝑛)=𝑔𝑚−1(𝑛) + 𝑔𝑚 (𝑛) ∗ 𝑌 

 𝑔𝑚−1 (𝑛)  

⋮ ⋮ 

𝑔𝑚−1 (𝑁)  

Previous value of 𝑔𝑚−1 (𝑗) now 

overwritten with the new value 

of 𝑔𝑚 (𝑗),  𝑗 = 0, 1, 2,⋯ , 𝑛 − 1 

𝑔𝑚−1 (0) 𝑔𝑚 (0) 

𝑔𝑚−1 (1) 𝑔𝑚 (1) 

𝑔𝑚−1 (2) 𝑔𝑚 (2) 

⋮ ⋮ 

𝑔𝑚−1 (𝑛 − 2) 𝑔𝑚(𝑛 − 2) 

𝑔𝑚−1 (𝑛 − 1) 𝑔𝑚(𝑛 − 1) 

Next element to be overwritten 𝑔𝑚−1 (𝑛) 𝑔𝑚 (𝑛) 

 𝑔𝑚−1 (𝑛)  

⋮ ⋮ 

𝑔𝑚−1 (𝑁)  
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𝑔𝑚(1) = 𝑓𝑚(0)𝑔𝑚−1(1)+ 𝑓𝑚(1)𝑔𝑚−1(0), 

𝑔𝑚(2) = 𝑓𝑚(0)𝑔𝑚−1(2)+ 𝑓𝑚(1)𝑔𝑚−1(1)+ 𝑓𝑚(2)𝑔𝑚−1(0) 

𝑔𝑚(3) = 𝑓𝑚(0)𝑔𝑚−1(3)+ 𝑓𝑚(1)𝑔𝑚−1(2)+ 𝑓𝑚(2)𝑔𝑚−1(1)+𝑓𝑚(3)𝑔𝑚−1(0) 

⋮ 

𝑔𝑚(𝑁 − 1) = 𝑓𝑚(0)𝑔𝑚−1(𝑁 − 1) + ⋯+ 𝑓𝑚(𝑁 − 1)𝑔𝑚−1(0), 

𝑔𝑚(𝑁) = 𝑓𝑚(0)𝑔𝑚−1(𝑁) + 𝑓𝑚(1)𝑔𝑚−1(𝑁 − 1) + ⋯+ 𝑓𝑚(𝑁)𝑔𝑚−1(0), 

This shows that 𝑔𝑚−1(1) is needed in computing all 𝑔𝑚(𝑛) for  𝑛 =  1,2, . . . , 𝑁 and cannot 

be overwritten until all these values have been computed. Likewise, 𝑔𝑚−1(2) is needed in 

computing all 𝑔𝑚(𝑛) for 𝑛 =  2,3, . . . , 𝑁 and cannot be overwritten before then. On the other 

hand, 𝑔𝑚−1(𝑁) is used only once, in computing𝑔𝑚(𝑁). Once 𝑔𝑚(𝑁) has been computed it 

may be placed into thearray location previously occupied by 𝑔𝑚−1(𝑁). Also, 𝑔𝑚−1(𝑁 − 1) is 

used only twice, in computing 𝑔𝑚(𝑁 − 1) and 𝑔𝑚(𝑁). Its position in the array may be 

overwritten when it is no longer needed, i.e., once both 𝑔𝑚(𝑁) and 𝑔𝑚(𝑁 − 1) have been 

computed. In this way, we may proceed from the last element of the array to the first, 

overwriting elements 𝑔𝑚−1(𝑗)with𝑔𝑚(𝑗) from𝑗 =  𝑁,𝑁 − 1, . . . ,1.  There is one instance in 

which this more complicated approach for handing load dependent nodes can be avoided—by 

designating the load dependent node as node number 1. Then the column (column number 1) 

is formed from the initial conditions rather than from the convolution formula. Of course, if 

there is more than one load dependent node, only one of them can be treated in this fashion. 

One final point concerning the convolution algorithm is worth noting. The coefficients 

𝑓𝑚(𝑛)may be computed from Equations (5) and (6) and incorporated directly into the scheme 

just described for updating the one-dimensional array. In particular, it is not necessary to 

generate the 𝑓𝑚(𝑛) in advance nor to store them in a two-dimensional array. 

Results and Discussion 

As an example we shall apply Buzen’s algorithm to compute the normalization constant for 

the central server model shown in Figure 1 below. In this model, the central server (node 1 in 

the diagram) possesses two exponential servers each having rate μ = 1.0. The three nodes that 

feed the central server (nodes 2, 3, and 4 in the diagram) each possess a single server 

providing exponential service at rates 0.5, 1.0, and 2.0 respectively. On exiting the central 

server, customers go to node i = 2,3,4 with probabilities 0.5, 0.3, and 0.2, respectively. We 

shall assume that N = 3 customers circulate in this network. 

    

               𝜇1                                      0.5𝜇2 

                                                                0.3𝜇3 

                                         0.2𝜇4   

          

𝜇1 = 1.0𝜇2 = 0.5𝜇3 = 1.0𝜇4 = 2.0 

                     Figure 1:  Central server queuing model 
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The first step is to construct the routing matrix and then solve the traffic equations to obtain 

the 𝑣’𝑠. From the diagram, we see that the routing matrix is given by 

(

0 . 5 . 3 . 2
1
1

0 0
0
0

1 0 0 0

) 

The traffic equation are given by 

(𝑣1, 𝑣2, 𝑣3, 𝑣4) =  (𝑣1, 𝑣2, 𝑣3, 𝑣4) (

0 . 5 . 3 . 2
1
1

0 0
0
0

1 0 0 0

) 

which may be written more conveniently as 

𝑣1 = 𝑣2 + 𝑣3 + 𝑣4, 

𝑣2 = .5𝑣1 

𝑣3 = 0.3𝑣1, 

𝑣4 = .2𝑣1 

By setting 𝑣1 = 1 these equations yield 

𝑣1 = 1,𝑣2 = .5, 𝑣3 = .3,𝑣4 = .2. 

 Node 1 is a load-dependent node and hence the values of 𝑓𝑚(𝑛) are computed from Equation 

(5). Rewriting this equation again, we have 

𝑓𝑖(𝑛𝑖) =  
𝑉𝑖

𝑛𝑖

∏ 𝜇𝑖(𝑘)𝑛𝑖
𝑘=1

 

with 𝑖 taking the value 1 (node 1) and 𝑛1 taking all possible values from 0 through 3 (all 

possible number of customers present at node 1). This gives 

𝑓𝑖(0) =  
𝑉𝑖

0

∏ 𝜇𝑖(𝑘)0
𝑘=1

= 1 

𝑓1(1) =  
𝑉1

1

𝜇1(1)
=

1

1
= 1 

𝑓1(2) =  
𝑉1

2

𝜇1(1) ∗ 𝜇1(2)
=

1

1 ∗ 2
= 0.5 

𝑓1(3) =  
𝑉1

3

𝜇1(1) ∗ 𝜇1(2) ∗ 𝜇1(3)
=

1

1 ∗ 2 ∗ 2
= 0.25 

Nodes 2, 3, and 4 are all load-independent nodes and so we use Equation (6) 
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𝑓𝑖(𝑛𝑖) =  (
𝑉𝑖

𝜇𝑖
)
𝑛𝑖

= (
𝑉𝑖

𝑠𝑖
)
𝑛𝑖

 

We obtain   𝑓2(0) = 1, 𝑓3(0) = 1, 𝑓4(0) = 1, 

𝑓2(1) =  
𝑉2

𝜇2
=

0.5

0.5
= 1,   𝑓3(1) =  

𝑉3

𝜇3
=

0.3

1
= 0.3,   𝑓4(1) =  

𝑉4

𝜇4
=

0.2

2
= 0.1 

𝑓2(2) =  (
𝑉2

𝜇2
)
2

= (
0.5

0.5
)
2

= 1,   𝑓3(2) =  (
𝑉3

𝜇3
)
2

= (0.3)2 = 0.09,𝑓4(2) =  (
𝑉4

𝜇4
)
2

= (0.1)2 =

0.01, 

𝑓2(3) =  (
𝑉2

𝜇2
)
3

= (
0.5

0.5
)
3

= 1,   𝑓3(3) =  (
𝑉3

𝜇3
)
3

= (0.3)3 = 0.027,𝑓4(3) =  (
𝑉4

𝜇4
)
3

= (0.1)3 =

0.001. 

To find  the auxiliary functions and the computation of 𝐺(𝑁) . We shall compute the 

elements of the array G node by node. All nodes other than the first are load independent and 

hence successive updates for𝑚 =  2, 3, and 4 are obtained from 

𝑔𝑚(𝑛) = 𝑔𝑚−1(𝑛) + 𝑌𝑚𝑔𝑚(𝑛 − 1),   𝑛 = 1, 2,⋯ ,𝑁 

With 

𝑌2 =
0.5

0.5
= 1,   𝑌3 =

0.3

1
= 0.3,     𝑌4 =

0.2

2
= 0.1. 

The values for node 1 are obtained from the initial conditions, Equation (9) having designated 

this single load-dependent node as node number 1, precisely to avoid the use of the 

convolution formula. We have 

𝑔𝑖(𝑛) = 𝑓𝑖(𝑛),     𝑛 = 0, 1, 2,⋯ ,𝑁 

and so the initial values in G are 

𝑔1(0) = 1,  𝑔1(1) = 1,   𝑔1(2) = 0.5,    𝑔1(3) = 0.25, 

Given these initial values, we successively obtain 

𝑔2(0) = 1,     𝑔3(0) = 1,     𝑔4(0) = 1 

𝑔2(1) = 1 + (1 × 1) = 2,  𝑔3(1) = 2 + (0.3 × 1) = 2.3,   𝑔4(1) = 2.3 + (0.1 × 1) = 2.4 

𝑔2(2) = 0.5 + (1 × 2) = 2.5, 𝑔3(2) = 2.5 + (0.3 × 2.3) = 3.19, 𝑔4(2) = 3.19 +

(0.1 × 2.4) = 3.43 

𝑔2(3) = 0.25 + (1 × 2.5) = 2.75, 𝑔3(3) = 2.75 + (0.3 × 3.19) = 3.707, 𝑔4(3) = 3.707 +

(0.1 × 3.43) = 4.05. 

To compute the stationary distribution of any state of this queuing network. For example, the 

probability of having all three customers at the central server is given by 
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𝑝(𝑛) = 𝑝(3, 0, 0,0) =
1

𝐺(𝑁)
∏𝑓𝑖(𝑛𝑖)

4

𝑖=1

= 
1

4.05
𝑓1(3) × 𝑓2(0) × 𝑓3(0) × 𝑓4(0) =

0.25

4.05

= 0.617 

It could be observed that the equilibrium distribution for load dependent node 1 for  𝑛 =
0, 1, 2, 3  customers is obtained as (1, 1, 0.5, 0.25).  Also, for load - independent nodes 2, 3, 4 

as (1, 1, 1),  (1, 0.3, 0.1),  (1, 0.09, 0.01),   (1, 0.027, 0.001)  for   𝑛 = 0, 1, 2, 3  

respectively. 

Auxiliary functions  𝑔𝑖(𝑛) for load - dependent node  𝑖 = 1  is obtained as  (1, 1, 0.5,   0.2), 

and for load- independent node  𝑖 = 2, 3, 4 as  (1, 2, 2.5,   2.75),   (1, 2.3, 3.19,   3.707)  

and  (1, 2.4, 3.43,   4.05)  respectively with probability of having three customers obtained 

as 0.0617 

 

Conclusion 

In queuing network, Customers enter the system by arriving at one of the service centers, 

queue for and eventually receive service at this center, and upon departure either proceed to 

some other service center in the network to receive additional service, or else leave the 

network completely. A closed queuing network  as one of the known queuing network where 

a fixed number of customers forever cycles among the service centers, never to depart has 

been investigated, and some insight were provided into the mean value analysis. Also, the 

normalization constant is computed through convolution algorithm and recursive process on 

Auxiliary function 𝑔𝑚(𝑛) to obtain one dimensional array.The following results are obtained 

from an illustrative example considered for given service rate 𝜇𝑖,    𝑖 = 1, 2, 3, 4  on four 

nodes, where node 1 is load – dependent and nodes 2, 3, 4 are  load – independent,   such that 

𝜇1 = 1.0,  𝜇2 = 0.5,   𝜇3 = 1.0 and   𝜇4 = 2.0. The equilibrium distribution 𝑓𝑖(𝑛𝑖), 𝑖 =
1,2,3,4 and 𝑛𝑖 = 0,1,2,3, for load dependent node 1 customers is obtained as (1, 1, 0.5, 0.25).  

Also, for load independent nodes 2, 3, 4 as (1, 1, 1),  (1, 0.3, 0.1),  (1, 0.09, 0.01),   
(1, 0.027, 0.001)  respectively. Auxiliary function 𝑔𝑖(𝑛), 𝑖 = 0,⋯ ,4,  𝑛 = 0, 1,2,3  is found 

for load - dependent nodes𝑖 = 1 as (1, 1, 0.5,   0.2), and for load- independent node  𝑖 =
2, 3, 4 as  (1, 2, 2.5,   2.75),   (1, 2.3, 3.19,   3.707)  and  (1, 2.4, 3.43,   4.05)  

respectively. Also,the probability of having all three customers at the central server is 

obtained as 0.0617. 
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